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s, University of Northumbria at New
astle, Ellison Building,New
astle upon Tyne, NE1 8STAbstra
tRea
hability analysis and model 
he
king of timedautomata are now well-established te
hniques in theanalysis of real-time 
ontrol systems. The major lim-iting fa
tor in their use, from a te
hni
al point ofview, remains the state explosion problem. Symboli
representation of the state spa
e often allows for theanalysis of mu
h larger systems than the point-wiserepresentation whi
h is 
ommon in enumerative anal-ysis. In parti
ular, the use of rooted, ordered binaryde
ision diagrams (ROBDDs) has been su

essful,mainly in the analysis of hardware systems where theneed for a 
ompa
t representation of boolean fun
-tions is prevalent. However in software systems, itis often desirable to represent data types whi
h aremore 
ompli
ated than booleans. The use of shar-ing trees [16℄, whi
h eliminates the requirement to�nd a boolean en
oding of all data types, may o�era more attra
tive alternative to ROBDDs in these
ir
umstan
es. This paper 
onsiders the use of shar-ing trees in the 
ontext of automata derived from atimed algebra of asyn
hronous broad
asting systems.It suggests that an en
oding of timing 
onstraintsmay be more easily in
orporated into a sharing treerepresentation of the state spa
e than into one basedon ROBDDs.1 Introdu
tionThis paper outlines an approa
h to the implementa-tion of rea
hability analysis of timed automata de-rived from system models des
ribed using a timedpro
ess algebra. It suggests that the sharing treedata stru
ture provides a 
ompa
t en
oding of boththe dis
rete and 
ontinuous 
omponents of a stateve
tor. The rest of the paper is organised as follows:se
tion 2 brie
y introdu
es CANDLE [10℄, a lan-guage for modelling broad
asting real-time systems,whi
h in
ludes many of the features whi
h one wishesto handle in automated analysis; se
tion 3 brie
youtlines an approa
h to timed rea
hability analysisof CANDLE models and introdu
es the main datastru
tures needed to support the analysis; sharingtrees are introdu
ed in se
tion 4 and their appli
ationin rea
hability analysis is 
onsidered; related work isreviewed in se
tion 5; se
tion 6 
on
ludes and pro-

poses further work.2 CANDLECANDLE is an expressive real-time language with a
omparatively simple operational semanti
s. It hasbeen developed for the modelling and analysis of real-time systems whi
h 
ommuni
ate using ControllerArea Network (CAN) [9℄. At the heart of CANDLEis a 
ore language, bCANDLE whi
h is a timed pro-
ess algebra allowing the expression of system mod-els 
onsisting of a set of asyn
hronous pro
esses, ea
hhaving its own lo
al data state and 
ommuni
atingby sending and re
eiving messages on one or morebroad
ast 
hannels. A pro
ess 
an engage in threedi�erent kinds of basi
 a
tion: 1) sending a messageon a 
hannel; 2) re
eiving a message from a 
hanneland 3) performing an operation in a bounded amountof time, possibly transforming its lo
al data state on
ompletion. More 
omplex pro
ess behaviour 
an bede�ned using sequential 
omposition, guards on datastates, non-deterministi
 
hoi
e and interrupt. ACANDLE system 
onsists of the asyn
hronous par-allel 
omposition of a �xed number of pro
esses.The semanti
s of a CANDLE system is given byasso
iating with it a timed transition system. Atimed transition system S = (�; �I ;L;�!) is a tu-ple in whi
h � is the set of states, �I 2 � is theinitial state, L = A [ R>0 is the set of labels 
on-sisting of a
tion labels A and time labels R>0 and�! � � � L � � is the transition relation whi
his required to be deterministi
 and 
ontinuous withrespe
t to the passage of time. The semanti
s aregiven in detail in [10℄. For the purposes of verify-ing a CANDLE system, we work with a timed safetyautomaton [8℄ having a bisimilar transition system.We introdu
e timed safety automata brie
y below.Let H be a set fh0; h1; � � � ; hng of real-valued vari-ables, 
alled 
lo
ks, where ea
h hi 2 H ranges overthe non-negative reals R+ . A 
lo
k valuation is afun
tion v : H! R+ whi
h assigns a value in R+ toea
h 
lo
k in H. We assume that h0 is given the value0 by every 
lo
k valuation. We denote by v[H0 := 0℄,the 
lo
k valuation v0 su
h that v0(h) = 0 for allh 2 H0 and v0(h) = v(h) otherwise. For t 2 R+ ,we denote by v + t the 
lo
k valuation v0 su
h that



v0(h) = v(h) + t for all 
lo
ks in H. 0 is the 
lo
kvaluation whi
h assigns 0 to every 
lo
k. A boundover H is a 
onstraint of the form hi � hj#
 wherei ; j 2 f0; : : : ;ng, # 2 f<;�g and 
 2 Z [ 1. A
lo
k 
onstraint is a 
onjun
tion of bounds. We de-note the set of 
lo
k 
onstraints over the 
lo
ks H by�(H).A timed safety automaton (TSA) is a tuple A =(Q; qI ;A;E;H; I) where: Q is a �nite set of 
ontrollo
ations, qI is the initial 
ontrol lo
ation, A is a�nite set of event names, E is a �nite set of edgeswhere an edge is of the form (q ; �; a;X ; q 0) whereq ; q 0 2 Q are 
ontrol lo
ations; � 2 �(H) is a 
lo
k
onstraint, a 2 A is an event name and X � H is aset of 
lo
ks to be reset; H is a �nite set of 
lo
ks, andI : Q ! �(H) is a fun
tion whi
h asso
iates a timeprogress 
ondition (or invariant) with ea
h 
ontrollo
ation.The semanti
s of the TSA A = (Q; qI ;A;E;H; I)is given by the timed transition system T [[A℄℄ =(�; �I ;L;�!) where � is the set of pairs (q ;v) su
hthat q 2 Q is a lo
ation of A and v is a 
lo
kvaluation for H whi
h satis�es the invariant I(q);�I = (qI ;0) is the initial state; L = A [ R>0 isthe set of labels; �! � � � L � � is the transitionrelation 
ontaining transitions as follows:� Time transitions : A state 
an 
hange dueto the elapse of time. There is a transition(q ;v) t�!(q ;v+ t) if for all t 0 � t , v+ t 0 satis-�es the invariant I(q).� Event transitions: A state 
an 
hange by mov-ing lo
ation. For ea
h state (q ;v) 2 �,if there is an edge (q ; �; a;X ; q 0) 2 E su
hthat v satis�es �, then there is a transition(q ;v) a�!(q 0;v[X := 0℄).For a TSA derived from a CANDLE systemmodel, a lo
ation 
omprises information about:1) the 
urrently a
tive pro
ess terms, given as a setof integers fp1; p2; : : : ; p
g for some variable num-ber 
 where ea
h pi de�nes a marked pla
e in a net-like representation of the pro
ess term for the model;2) the values of all data variables, given as a sequen
eof values hv1; v2; : : : ; vd i for some �xed number d ofvariables; and 3) the state of the network 
hannels,given as a sequen
e of pairs (s ;m) where s gives thestatus of the 
hannel, free, transmitting, et
. andm is a variable-length, priority ordered sequen
e ofmessages awaiting transmission on the 
hannel. ACANDLE state ve
tor, then, 
onsists of a lo
ationas des
ribed above and a (set of) 
lo
k valuation(s),see �gure 1.

3 Rea
hability AnalysisOf the several approa
hes to automated analysis ofreal-time systems, rea
hability analysis (RA) is oneof the more easily implemented and informative. Thebasi
 rea
hability problem is to determine the set ofsystem states whi
h are en
ountered on any exe
u-tion starting from some given state. RA allows the
he
king of safety properties of a system by answer-ing the question: is it possible to rea
h an in
orre
tor unsafe state from an initial state. Other veri�-
ation problems 
an be solved by building upon thesolution of the basi
 RA problem [1℄. Algorithm 1outlines a basi
 algorithm for 
omputing the set ofstates rea
hable from a given initial state.Algorithm 1 (Rea
hable States)VISITED := f(qI ;0)gWAITING := f(qI ;0)gwhile WAITING 6= ; doremove some (q ;D) from WAITINGsu

 := f(qs ;Ds ) : (q ;D) S�!(qs ;Ds) ^ Ds 6= ;gforea
h (qs ;Ds ) 2 su

 doif 8(qs ;D0) 2 VISITED � Ds 6� D0add (qs ;Ds ) to VISITEDadd (qs ;Ds ) to WAITING�ododThe termination of the algorithm depends uponthe 
onstru
tion of a �nite quotient of the in�nitetransition system given by the TSA semanti
s. Im-portant aspe
ts of su
h a 
onstru
tion are 1) the useof symboli
 states (q ;D) where q is a lo
ation as usualand D is a 
lo
k 
onstraint system whi
h representsthe set of 
lo
k valuations satisfying it, and 2) thede�nition of a transition relation S�! between sym-boli
 states. La
k of spa
e prevents us from givingfurther details here; the reader is referred to [15℄ foran ex
ellent dis
ussion of these issues.The problem is to arrange for the 
ompa
t stor-age of the set VISITED of visited state ve
tors,where a major diÆ
ulty has been to 
ombine a gooden
oding of the lo
ations (the dis
rete part of the sys-tem) with a good en
oding for the 
lo
k valuations(the 
ontinuous part). This problem is addressed inthe following se
tion.4 Sharing treesThe sharing tree data stru
ture [16℄ has been de-signed for the 
ompa
t storage of large sets of tu-ples. Their eÆ
a
y in the veri�
ation of untimedsystems has been demonstrated; of parti
ular inter-est to us is the work reported in [6, 7℄ whi
h showsimpressive spa
e redu
tions for sets of state ve
tors



fp1; p2; � � � ; p
g hv1; v2; � � � ; vd i h(s1;m1); (s2;m2); � � � ; (sn ;mn)i h�1; �2; � � � ; �r iControl Data Network Clo
k ValuationLOCATION { q CLOCK VALUATION(S) { DFigure 1: Stru
ture of a bCANDLE state ve
torin whi
h ea
h ve
tor is very similar to the lo
ation
omponent of a CANDLE state ve
tor.De�nition 1 A sharing tree is a rooted a
y
li
graph (N ;V ; val ; r ; su

) where N = N0 + N1 � � � +Nk , with k � 0, is a �nite set of nodes whi
h areorganised into k +1 layers, Ni being the set of nodesof layer i ; 0 � i � k; V is a set of values, >;? =2 V ,with valuation fun
tion val : N ! V [ f>;?g; r isthe root node, N0 = frg and 8n 2 N � val(n) => () n 2 N0; su

 : N ! 2N is the su
-
essor fun
tion whi
h for a given node, n 2 Ni ,identi�es the set of all nodes, su

(n) � Ni+1,whi
h are dire
tly des
ended from n; and the fol-lowing properties hold: 1) 8 i j 0 � i < k ;8n 2N � su

(n) � Ni+1: ea
h nodes has all of itssu

essors in the next layer; 2) 8n 2 N ;8 s1; s2 2su

(N ) � s1 6= s2 =) val(s1) 6= val(s2): a nodedoes not have distin
t su

essors with equal values;3) 8 i j 0 � i � k ;8n1;n2 2 Ni j n1 6= n2 �val(n1) = val(n2) =) su

(n1) 6= su

(n2): if2 or more nodes in the same layer have the samevalues then they have di�erent sets of su

essors;4) 8n 2 N � val(n) = ? =) su

(n) = ; 5) 8n 2N � su

(n) = ; =) (val(n) = ? _ val(n) = >)The elements of a sharing tree are justthose tuples of values whi
h o

ur by follow-ing a path from the root node to a nodewhose value is ?. For example, �gure 2 showsa sharing tree representing the set of tuples:f(a; b; d); (a; 
; d); (a; b; d ; e; g); (a; b; d ; f ; g);(a; 
; d ; e; g); (a; 
; d ; f ; g)g.The data 
ompression a
hieved by a sharing treearises from the guaranteed sharing of all identi
alpre�xes and a `best-e�ort' sharing of identi
al suf-�xes. It is 
lear that a set of state ve
tors will usu-ally 
ontain many states that di�er in few 
ompo-nents and so allow for 
onsiderable sharing. The useof a sharing tree for the state store in a rea
habil-ity analysis requires the partitioning of ea
h stateve
tor (�gure 1) into a tuple of values, where ea
htuple 
omponent is allo
ated to a distin
t layer in thetree. The mapping of 
omponents of the state ve
-tor into tuple 
omponents and the ordering of 
om-ponents within tuples 
an have a signi�
ant impa
tupon the spa
e redu
tions a
hieved [7℄. An impor-tant property of a sharing tree is that it 
an 
ontaintuples of di�ering lengths. This allows 
onsiderabledis
retion in the mapping of variable length 
om-ponents of the state ve
tor, for example the message
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6Figure 2: Sharing Tree Examplequeues. The key observation 
on
erning the suitabil-ity of sharing trees in the analysis of timed systemsis that the 
lo
k 
onstraint 
omponent D of a sym-boli
 state (q ;D) 
an be represented simply by one ormore 
omponents of the 
omplete state tuple and so
an be easily in
orporated into the state store. This
ontrasts signi�
antly with approa
hes based upona BDD representation of the state store where thisintegration is mu
h more problemati
.5 Related workRepresentation of timing 
onstraints by DBMs wasproposed by Dill [5℄ and has been preferred in themost eÆ
ient veri�
ation tools for timed systems,su
h as KRONOS [8℄ and UPPAAL [12℄.Wong-Toi and Dill [14℄ and Balarin [3℄ have ea
hshown te
hniques for en
oding DBMs using BDDsand in
orporating them into BDD en
odings of thetransition relation, approximating unions of zonesusing 
onvex hulls. Bozga et. al. [4℄ o�er a 
anoni-
al representation of dis
retized sets of 
lo
k 
on�g-urations using NDDs1 [2℄, whi
h are a BDD-baseden
oding amenable to 
ombination with a symboli
representation of the dis
rete part of the system.Larsen et. al. [11℄ propose a 
ompa
t en
oding1Numeri
al De
ision Diagrams



for DBMs whi
h provides a minimal and 
anoni
alrepresentation of 
lo
k 
onstraints and allows for eÆ-
ient in
lusion 
he
king between 
onstraint systems.They do not 
onsider how this representation may be
ombined with a symboli
 representation of the restof the system. Their approa
h is orthogonal to oursand it would be interesting to 
onsider their 
ombi-nation experimentally.Larsen et. al. [13℄ have re
ently proposed 
lo
kdi�eren
e diagrams as a data stru
ture for the 
om-pa
t representation of unions of zones. CDDs showsome similarities both with BDDs and sharing trees.As far as we know, they remain to be used in pra
-ti
e.6 Con
lusions and further workIn this paper, we have proposed the use of shar-ing trees for the representation of the state spa
ein the rea
hability analysis of timed systems. Webelieve that there is good reason to suppose thatsu
h a representation will o�er signi�
ant spa
e re-du
tion, parti
ularly in the analysis of asyn
hronous,data-bearing systems. The use of this representation
omes with a time 
ost by 
omparison with the useof a traditional hash table but there is no reason tosuppose that this penalty will be any greater in theanalysis of timed systems than it is in the analysisof untimed systems where it has been shown to bea

eptable in many 
ir
umstan
es [6, 7℄. These 
on-
lusions remain to be 
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